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Abstract. We study the general geometrical structure of the coadjoint orbits of a 
semidirect product formed by a Lie group and a representation of this group on a vector 
space. The use of symplectic induction methods gives new insight into the structure 
of these orbits. In fact, each coadjoint orbit of such a group is obtained by symplectic 
induction on some coadjoint orbit of a "smaller" Lie group. We study also a special 
class of polarizations related to a semidirect product and the validity of Pukanszky's 
condition for these polarizations. Some examples of physical interest are discussed using 
the previous methods. 
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1. Introduction 

Polarized coadjoint orbits of a Lie group G, are good candidates for geomet- 
rically quantized phase spaces. They also play a central role in representation 
theory, more specifically in the context of Kirillov's "orbit method" . In the case 
of exponential groups, Pukanszky showed [lo] that the orbit method leads to ir- 
reducible unitary representations of G, if and only if the polarization satisfies a 
certain condition, known as Pukanszky's condition (see Lemma 6.2 (1) with b = e). 
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This method has been adapted to the case of complex polarizations, especially for 
solvable Lie groups: Auslander and Kostant [7], showed that Pukanszky's con- 
dition was needed in order to guarantee the irreducibility of the representations 
obtained via holomorphic induction from the real polarizing subgroup D C G (see 
below) . 

In its initial formulation, Pukanszky's condition means that the coadjoint or- 
bit in question contains an affine plane, constructed out by the polarization. Only 
recently [2] [3], has it been realized that validity of Pukanszky's condition is equiv- 
alent to the fact that the corresponding coadjoint orbit is symplectomorphic to a 
modified cotangent bundle, obtained by symplectic induction from a point. The 
physical consequences of this symplectomorphism have been studied in the previ- 
ous references for the coadjoint orbits of the Poincare group, which is a semidirect 
product. 

Our aim is to give, on the one hand, a detailed analysis of the geometrical 
structure of the semidirect product coadjoint orbits, for the case where this product 
is formed by a Lie group K and a representation p: K — > GL(V) on a vector space 
V, [ll]. On the other hand, we consider this very interesting geometrical structure 
in the framework of Pukanszky's condition. Summarizing the results of this article, 
we mention the following three points: 

• the coadjoint orbits of a semidirect product present several analogies with the 
cotangent bundles and under certain conditions they are in reality cotangent 
bundles of K-orbits in the dual V* of the vector space V; 

• the validity of Pukanszky's condition for a special class of polarizations of 
the semidirect product G = K x p V is equivalent to the validity of the same 
condition for "smaller" polarizations associated to the homogeneous part K; 

• the coadjoint orbits of the semidirect product G = K x p V are obtained 
by symplectic induction on coadjoint orbits of appropriate subgroups of the 
homogenous part K. 

In what concerns the third point, a variant of the symplectic induction we are 
using here, gave recently the same result, [8]; see also [17] for a more general 
treatment in the context of symplectic Mackey's theory. 

We discuss finally three examples of semidirect product and we apply the 
previous formalism in the geometrical study of their coadjoint orbits. The semidi- 
rect products in question are the special Euclidean, the Galilei and the Bargmann 
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group, three Lie groups whose coadjoint orbits are respectively related to geomet- 
rical optics, polarization of light and to the dynamics of non-relativistic particles. 

Acknowledgments. I would like to thank Professor C. Duval for careful and 
critical reading of the manuscript as well as for useful and stimulating discussions. 
In addition, I thank F. Ziegler for having first pointed out that semidirect product 
coadjoint orbits are indeed induced symplectic manifolds. Let me also thank 
Professor J. H. Rawnsley for his kind interest in this work. 

2. The semidirect product 

In this section, we fix the notation concerning the semidirect product following 

[11]. 

Consider a Lie group K with Lie algebra ft; let (k, /) i— > k • / be the coadjoint 
representation of X on fe*, the dual of the Lie algebra ft, and (A, /) i— > A ■ f its 
derivative, k e K, A e ft, / e ft*. If p: K — > GL(V) is a representation of K on the 
vector space V, then we note p(k)v = k • v, k e K, v e V. We note accordingly by 
(k, p) i— > k • p the contragredient representation of p, p e V* and by (A, v) i— > A ■ v 
and (A,p) i— > A-p the corresponding derivative representations of ft on V and V*. 

We form now the semidirect product G = K x p V . As a set G = K x V and 
the group operation in G is given by 

(k, v) ■ (A, it) = (kA, k-u + v), V(k, v), (A, it) g G. (2.1) 

When the representation p is understood, we write simply G = K x V. 

The Lie algebra of this group is g = ft © V (as a vector space) and the Lie 
algebra structure is given by the bracket 

[(A, a), (B, b)] = ([A,B],A-b-B-a), V(A a), (B, b) e g. (2.2) 

We will note q = ft ® p V. 

By identifying the dual q* of g with ft* © V*, we can express the duality 
between g and g* as 



ji(£) = /(A) + p(a) , Vji = (/, p) e £ = (A, a) e g (2.3) 
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and the adjoint and coadjoint representations of G on g and g* respectively, by 
the following relations: 

Ad(K,v)(A,a) = (Ad(K)A,K-a-p'(Ad(K)A)v), V(k, v) e G, (A, a) e g, (2.4) 

Coad(K,i;)(/,p) = (K-f+K-pQv,K-p), V(k, v) e G, (f,p) e g* (2.5) 
where p v is the element of ft* defined by 

(p0i))(i) =p(A-v) = -(A-p)(v), \/Aei,peV*,veV. (2.6) 

For p eV* we denote by K p the isotropy subgroup of p formed by those KeJf such 
that k • p = p. It is clear that the Lie algebra of K p is given by the vector space 
ftp = {A e ft | A ■ p = 0}. Then, if we define the linear map r p : ft — > V* by 

T P (A) = -A-p, VAeft, (2.7) 

we have the equality ft p = kerr p . 

We express now the element p v e ft* in terms of the map r p . The dual 
r*: V — > ft* of r p is given by the relation r*(u)(A) = r p (A)(z;) = — (A -p)(v), and 
so r*(u) = p0o, \/p e V*,\/v e V. 

Let now ft° be the annihilator of ft p ; then, if i*: ft* — > ft* is the projection, 
i p : ftp ^ ft, we have ft° = keri*. The following is a useful lemma from [ll], giving 
a characterization of the annihilator ft° in terms of the linear map r p . 

2.1 Lemma. ft° = imr*. 

Proof. We give here a different and simple proof using Lagrange multipliers. 
Indeed, we have ft p = r~ 1 (0) C ft and the element A eft p is a critical point of the 
map i*f: ft p — > R, for / e C°°(ft), if and only if there exists an element v e V** = V 
such that A is a critical point of / — v ° r p . Choosing /eft* (and therefore linear), 
we find that / e ft° if and only if 3v e V : / = v ° t p = p v. ■ 

3. Orbits-Isotropy subgroups 

We recall now the structure of the coadjoint orbits of a semidirect product 
studied by Rawnsley [ll] , and we exploit in more detail the structure of the isotropy 
subgroups with respect to the coadjoint representation for the semidirect product. 
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According to [ll], the coadjoint orbits of a semidirect product are classified by the 
coadjoint orbits of "little" groups, which are isotropy subgroups of its homogeneous 
part (see also [4]). In fact, fibre bundles having these coadjoint orbits as fibres, 
completely characterize the coadjoint orbits of the semidirect product. As we shall 
see later on (section 10), the little-group coadjoint orbits play an even deeper role 
for the geometrical structure of the corresponding semidirect product coadjoint 
orbit. 

Let now Z = tfjf , p e V* be an orbit of K in V* with respect to the represen- 
tation p*. A bundle of little-group orbits over Z is a fibre bundle re: Y — > Z such 
that each fibre Y p = rc~ 1 (p) be a coadjoint orbit of the isotropy subgroup K p . 

We construct the bundle of little-group orbits as follows. Consider elements 
peP, <^efc* and let Z : Y p be the corresponding orbits under the actions of K 
and K p respectively, Z = p , Y p = ' . There is a left action of the isotropy 
subgroup K p C K on the product K x Y p given by: 

h- (k,0) = (Kh~ l ,h- cj)). (3.1) 

We define the bundle of little-group orbits Y as the quotient Y = (K x Yp) j K p , 
i.e., Y is the fibre bundle associated to the principal bundle K — > Z with respect 
to the coadjoint action of K p on Y p . The group K acts on Y as follows. If ip e Y p , 
then for ke K we define the point k • ip e Y K . p as 

(K»(A) = ^(Ad(K" 1 )A), VAe* K . p . (3.2) 

Consequently, the following choice to represent the points of Y (K p -orbits in 
K x Y p ) is appropriate: K p ■ (k, 0) = k • (p e Y K . p . We can now define the projection 
7r: Y — > Z by ir(K p ■ (k, </>)) = k ■ p € Z. 

It is easy to verify that this construction is independent of the point p e Z. 
Then, the following proposition [ll] clarifies the role of the bundles of little-group 
orbits; see also section 10 below. 

3.1 Proposition. There is a bijection between the set of bundles of little- 
group orbits and the set of coadjoint orbits of G on g*. 

Consider now the coadjoint orbit of v = (f,p) in q* and the corresponding 
fibre bundle of little-group orbits Y. This orbit is fibred over the X-orbit Z of the 
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point p eV* and the fibre is of the form {&^) q = K q ■ h + q © V, q = k- p e Z, h = 
k ■ f for k e K (relation (2.5)). Thus if y e {^) q , then there exists an element 
(A, v) e K q x p V such that y = X- h + qQv and so i q (y) = i*{X ■ h + q Q v) = 
z*(A ■ ti) = A • i*h e Y q . It is clear that the projection i*: ft* — > ft* defines in fact 
a projection i*: (&^) q —> Y q between the fibres of and Y . Furthermore, the 
fibre (i*,) -1 ^) for ip e Y q , is the orbit of the point qeV* under the action of the 
linear subgroup V C G. We have thus proved the lemma, [ll]: 

3.2 Lemma. The coadjoint orbit 6^ of the element y = (/,£>) eg* = 
ft* © V* is a fibre bundle over the bundle of little-group orbits whose typical 
fibre is the orbit ofpeV* under the action of the subgroup V C G. 

We summarize the previous results in the commutative diagram 




Z 



where IT: 0^ — > Z is the projection. 

We study finally the isotropy subgroup G^ of the point y = (/, p) e q* with 
respect to the coadjoint action. Let (j) = i*f and (Kp)^ be the isotropy subgroup 
of <^>eft* with respect to the coadjoint action of K p on ft*. If (k,v) eG^, then 
k • p = p and K-f+pQv = f which means that k • <f> = (j) =>- k € (K p )^. We 
have thus an epimorphism j: G-y — > (K p ),p given by j(<, v) = k. The kernel of 
j is calculated easily: kerj = {(k,v) e G^ \j(k,v) = e} = {(e,v) eG-^}. But the 
element (e, v) belonging to G> is such that e-f + pQv = f^pQv = 0, thus 
v ekerTp. On the other hand, kerr^ is a vector subgroup of G v as the inclusion 
map i: kerr* — > G^ given by i(v) = (e,v) indicates. 

We conclude that kerj = kerr* and we have the following exact sequence 

— > kerr p * ^ G^ ^ (K p )^ — > e (3.3) 
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which gives us all the possible information about the structure of the isotropy 
subgroup G v . 

We note that G^ is not in general equal to the semidirect product of (Kp)^ 
and kerr* because (K p )^ is not in general a subgroup of G-y. In fact, if it were, we 
would have (k, 0) e G^ for each k e {K p )^. But in such a case we find k- f+p = 
/ =>- k e Kf, so (Kp)^ C Kf, clearly this condition is not in general satisfied. 

Conversely now, the inclusion (Kp)^ C Kf induces a group monomorphism 
m: (Kp)^ — > G-v given by m(i<) = (k, 0) for in that case we have k-/+j)0O = / 
for each k € (Kp)^. The following lemma is thus proved. 

3.3 Lemma. The inclusion (Kp)^ C Kf is a necessary and sufficient condi- 
tion for the isotropy subgroup G^, to be the semidirect product (K p )^ x p kerr*. 

4. Submanifolds-Symplectic structure 

The coadjoint orbits of a semidirect product G = K x p V possess always two 
natural submanifolds: the K-orbit L = of y e q* and the F-orbit N = 6% of 
the same element. We observe that in the case where K p C Kf, y = (f,p) eg*, 
the orbits L and Z are diffeomorphic: Z = K/K p and L — Kj (K p (lKf) = K/K p . 
In this section we will study the submanifolds L and N as well as the symplectic 
structure of the coadjoint orbit . 

4.1 Convention. If £ is an element of a Lie algebra g, then we denote by 
£ B * the fundamental vector field of the coadjoint action on $j* ; 

= Vueg*. (4.1) 

Also, the symplectic structure we are using on a coadjoint orbit in g*, is given by: 

^((W^farM = -»i([£, 77]), (4.2) 

where \x is a point on the orbit. 

For the case of the semidirect product in which we are interested, equation 
(4.2) takes the following form: if £ = (A, a) and rj = (B, 6), A, B e fc, a, b e V, then: 

«v(&r)m far W = (A-h + qQa)(B) + r q (A)(b), (4.3) 
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if \l= (h,q)£Q*. 

We find first for o e L and ne N, the tangent spaces T a L and T n N explicitly. 
Using the fact that L and N are homogeneous spaces of the groups K and V 
respectively, we have: 

T Q L = { (A ■ h, A ■ q) | A e ft}, o = (h, q) = (k, 0) • v e L (4.4) 

and 

T n N = {(pQu,0)\ueV} = imr; = *£, n = (e, v) ■ y e N. (4.5) 

We observe here that the tangent space T n N does not depend on the point ne N, 
in accordance with the affine plane structure of N = {(f + p Q v,p) \ v eV} = 
v + imr^ x {0}. 

In order to obtain now a characterization for the submanifolds L and N, we 
search for the orthogonal complements of the tangent spaces T L and T n N . We 
find easily, using the relations (4.3) and (4.4): 

(ToL^ = {(0,B.g)eT o tf? | B e ft, B ■ h e q V}. (4.6) 

It is clear that generally, the orthogonal complement (ToL) 1 - has no relation to 
the tangent space T Q L. But in the case where / defines a cohomology class, 
[/] e H 1 ^, R), we have B ■ f = hence B ■ h = 0, VS e ft, which implies, by (4.6) 
and (4.4) that 

(T Lf =T L. 

Thus the condition [/] e H^ft, R) means that the submanifold L is Lagrangian. 
We turn to the case of (T n N) . Easy calculation shows that 

(^N) 1 - = {(B-(f + pQv)+pQb,0) | Beft p , beV}, 

which clearly leads to the inclusion T n N C (T n AT) . Thus, the submanifold N is 
always an isotropic submanifold of the coadjoint orbit <ff^ . 

When K p C Kf, N becomes a Lagrangian submanifold. Indeed, the isomor- 
phism T n N = ft; implies that the dimensions of iV and Z are equal; furthermore, 
if K p C Kf, then the tangent spaces of N and L at y are complementary, so 
dimiV + dimL = dim^' and Z = L =^ dimZ = dimL; finally 2dimA^ = dim^?. 

We have now a useful characterization of the cotangent space T*Z, q e Z: 
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4.2 Lemma. For each point qe Z, the cotangent space T*Z is naturally 
isomorphic to the quotient V/kerr*. 

Proof. It follows directly from the isomorphism T q Z = \/\ and Lemma 
2.1. ■ 

Using the previous lemma, one can investigate further the consequences of 
the condition K p C Kf on the structure of the coadjoint orbit , where y = 
(fiP) e 0*- m f ac t, let IT: G^ — > Z be the projection and qe Z; then, by equation 
(2.5), one easily finds that for \i = (h, q) e G^, the fibre n _1 (n((j.)) is of the form 

U-\q) = (h,q)+qQV x {0}. (4.7) 

Lemma 4.2 applied to the case K p C Kf, makes clear that G^ is isomorphic (as 
a manifold) to the cotangent bundle T*Z when K p C Kf. 

We make now the following remark concerning the bundle Y of little-group 
orbits, under the condition K p C Kf. If = z*/ (notation of sections 2 and 
3), the typical fibre of Y is Yp = ■ It is immediate that for each keK p , 
k • = z*(k • /) =0 which implies that Yp = {0}; thus the fibre bundle Y and the 
orbit Z are isomorphic as manifolds. 

We study finally the case [/] e H 1 (fc, R) and its consequences on the struc- 
ture of the coadjoint orbit . We use the following well-known property of the 
coadjoint action: 

4.3 Property. If f el* defines a cohomology class, [f] e H 1 (ft, R), then the 
coadjoint orbit Q = &f is a manifold of dimension zero. 

In other words, the isotropy subgroup Kf is at the same time open and closed 
in K; thus, using the previous discussion and relation (2.5) we find that the fibre 
bundle II: 0% -> Z defines a covering space of the cotangent bundle T*Z. In 
particular, the bundle of little-group orbits is a covering space of the orbit Z. 

Let us summarize with the proposition: 

4.4 Proposition. The coadjoint orbit 0^ of a semidirect product G = 
K x p V, v = (/, p) eg*, possesses always two natural submanifolds L and N 
which have transversal intersection at y e L H iV: L is the orbit of y under the 
action of K C G and N the orbit of the same point under V C G. N is always an 
isotropic submanifold of the coadjoint orbit . 
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1. Suppose that K p C Kf, then: 

a. the orbit Z is diffeomorphic to L and N is a Lagrangian submanifold; 

b. the coadjoint orbit is diffeomorphic to the cotangent bundle T*Z; 

c. the bundle of little-group orbits Y and the orbit Z are identical. 

2. Suppose that f defines a cohomology class, [f] e H 1 (h, R); then: 

a. L and N are Lagrangian submanifolds of ; 

b. the orbit is a covering space of the cotangent bundle T*Z; 

c. the bundle of little-group orbits Y is a covering space of the orbit Z. 

More generally, we can define a foliation 3" on the coadjoint orbit G^j in the 
following way: if o = (h, q) = (k • /, k • p) e L, k e K, then we choose the leaf U as 
3o = G v = {(h + q v,q) \ v e V}. Then, using the techniques of the Proposition 
4.4, one easily proves: 

4.5 Proposition. The coadjoint orbit <ff^ of a semidirect product G = 
K x p V, y = (f,p) eg*, possesses an isotropic foliation whose leafs are the affine 
spaces 3q = , oeL (see Proposition 4.4). In the case where K p C Kf, the 
foliation J is Lagrangian. 

In view of Lemma 3.2, the following is immediate: 

4.6 Corollary. The foliation 3^ of Proposition 4.5 is always regular and the 
quotient 6^ I J is equal to the bundle of little-group orbits. 

We observe here the analogy with the cotangent bundle: in fact, if T*M is 
the cotangent bundle of a manifold M, then the fibres T^M, m e M, define a 
Lagrangian foliation of T*M. We will clarify in what follows this similarity by 
direct calculation of the symplectic form uj of the coadjoint orbit 6® in terms of 
the symplectic structures of T*Z and Q = <fff . 

Fix now an element y = (f,p) eg* and let a: G — > 6^ , a\\ G — > Q and 
02: G — > T*Z be the mappings defined by o"i(k, v) = k • /, 0"2(k, v) = (k ■ p, [v] K . p ) 
and a is simply the projection G — > GjG^; [v] K . p means the equivalence class of v 
in the quotient V/kerr*. p , according to Lemma 4.2. 

4.7 Theorem. The canonical symplectic structures u, uq and uz of 6® , Q 
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and T*Z respectively, are related by the following equation: 

a*uj = cr{uQ + cr^uJz- (4.8) 

Proof. Let O = a{u)Q + a^uJz e 2 (G); O is a closed 2-form. If £ = (A,a),n = 
{B, b) e g, let also £ r and rf be the corresponding right invariant vector fields on 
G. Then, easy calculation shows that 

m r , V r )\ g = q(B-(A-v + a))-q(A-(B-v + b)) - h([A, B}), 

if q = k • p, h = k • f and g = (k, v). On the other hand, the fact that G^j is the 
quotient GjG^ implies directly T g a(^ r (g)) = £ B * (\x), \x = cr(g). By Convention 4.1 
and relation (4.3), this means that a*u is exactly Q. ■ 

4.8 Remark. It must be emphasized that the previous result is closely related 
to the choice of a point of 0^ (here we choose the origin y of the orbit). In this 
sense, the splitting of the symplectic structure u) of the coadjoint orbit, is not 
canonical. 

5. Coadjoint orbits, modified cotangent 
bundles and coisotropic embeddings 

A cotangent bundle T*M equipped with the 2-form Zjm = &m + T*«cb where 
ujm = d$M is the canonical symplectic form of T*M and a e Q 2 (M) is such that 
dcto = 0, r: T*M — >■ M, is called modified cotangent bundle. We denote the 
pair (T*M, u M + r*a Q ) by T»M, when a>o is understood. The form ujm is always 
non-degenerate, as one readily verifies, so T*M is also a symplectic manifold. 

This notion is closely related to physical problems. As most important, we 
mention the phase space of a charged particle in general relativity, in the presence 
of an external electromagnetic field, e.g. [12] , [13] and the problem of localization 
of relativistic particles of mass zero, [3]. In this section we will see that it is also 
useful in the geometry of the coadjoint orbits of a semidirect product. 

Consider an element y = (f,p) efc* © V* with K p C Kf. Then we know that 
the orbit Z forms a fibre bundle over Q with typical fibre Kf/K p , the orbit of p 
under Kf. In addition, if pr: Z — > Q is the projection, pr(K -p) = k • /, the 2-form 
a o = P r *<^Q £ Q 2 (Z) is a presymplectic structure on Z. 
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5.1 Proposition. If the element y = (f,p) e g* is such that K p C if/, then 
there exists a global section s: Z — > ^ of II: ^ — > Z such that s*u; = «o- -Fur- 
thermore, if r: T*Z — > Z is the projection, then there exists a symplectomorphism 
between {G^ ,uS) andT^Z = (T* Z,ujz + T*ao). However, this symplectomorphism 
is not canonical. 

Proof. Define s: Z — > 6® by s(k • p) = (k • /, k • p). The map s is well defined 
because if k • p = A • p, then A = k ■ k' for k' e K p and so s(A ■ p) = s(k • p). 
Clearly, we have IT ° s = id, so s is a section. Its tangent at (/ = k ■ p is given 
by T q s(A ■ q) = (A ■ h, A ■ q) = (A, O) »(h, q) if h = k • /; this makes clear that 
s*w = o (see (4.3)). 

Now by Proposition 4.4 we have the diffeomorphism = T*Z. Using the 
notation of Theorem 4.7 we observe that if o(k,v) = a (A, it), then A = k ■ k' 
for k' e K p and f — u ekerr*. p . This means that there exist two well defined 
mappings I\\ -> Q and J 2 : ^ -> T*Z satisfying I; ° cr = cr*, i = 1,2. 
Explicitly, if u. is the element of q* given by relation (2.5), then Ii(u-) = k • / and 
J2 (m-) = (< -P, Mk-p)- As a consequence, relation (4.8) reads u; = I^wq + Jfa>.z 
because cr* is a monomorphism. But ii satisfies also Ii = pr ° r ° J 2 which gives 
u; = J| (cuz + r*oo). Finally, it is elementary to verify that J 2 is a diffeomorphism 
between and T*Z; this means that we have a symplectomorphism between 
&® and T*Z which is not canonical because it depends on the choice of a point 
y = ifiP) °f the coadjoint orbit in question, for which the condition K p C if/ is 
satisfied. ■ 

We summarize our knowledge on the structure of 6^ when K p C Kf in the 
commutative diagram: 
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But there exist additional properties of the coadjoint orbit &^ when K p C Kf. 
More precisely: 

5.2 Theorem. Let G = Kx p Vbea semidirect product and y = (/, p) e g* 
such that K p C Kf. Then the reduction of 0^ by the submanifold L of Proposition 
4.4 is symplectomorphic to the coadjoint orbit Q = K/Kf. Furthermore, the dual 
E* of the characteristic distribution on L defines a symplectic manifold which is a 
vector bundle over Z and the zero section sq: Z — > E* is a coisotropic embedding 
of the presymplectic manifold Z. 

Proof. The section s is a diffeomorphism between Z and L and therefore 
defines a pre-symplectomorphism s: (Z,o.q) — > (L,i* L ou), il- L — > is the in- 
clusion, because s*i* L u = {%l ° s)*uj = a . This ensures that the characteristic 
distribution E of i* L u on L, E = TL fl (TL) 1 - is isomorphic to the kernel of «o 
over Z. But if we reduce Z by kercto we obtain the coadjoint orbit K/Kf. Thus, 
reduction of &^ by L gives the symplectic manifold Q. 

For the case we are studying, one easily finds that if o = (k-/, K-p) = (h, q) e L, 
then, see (4.6), T a L n (T Q L)^ = {(0, A • q) | Ae h h }. Thus, we conclude that 
the dual E* of the characteristic distribution E, is a vector bundle over Z with 
typical fibre (fcy/fc p )*. Consider now a point x e E; let q = k • p be its projection 
on Z and /i = k • / = pr((/). Then, by construction of the tangent space 
T X E* admits the decomposition: T X E* = T h Q © (h h /h q ) © (^Ag)*- This makes 
clear that there exists a symplectic structure uje* on E* given by (o>£*)a:(£i + 
«i + A, 6 + «2 + ^2) = (wo)h(fi,f2) + /3i(a 2 ) - /3 2 («i), £ieT h Q, a t e {l h /\), 
Pi e (ftfeAg)*, i = 1,2. Let now sq: Z — * i?* be the zero section and Z = so(Z). 
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Then each tangent vector v e T X Z admits the decomposition v = 77 + 7 + 0, r\ e ThQ, 
7 e (kh/k q ). Consequently, the orthogonal complement of this tangent space will 
be given by (T X Z) ± = {0 + a + e T X E* | a e c T * Z > which completes 

the proof of the theorem. ■ 

We make some comments on the somewhat peculiar condition K p C Kf. In 
this way stated, this condition depends on a point (f,p) of the coadjoint orbit, 
but as one easily verifies, it implies that 

k • h — h e imr*, Vk e K q , (5-1) 

for an arbitrary point (h, q) e 6^ . Now, condition (5.1) is equivalent to saying that 
all the little-group orbits are trivial because i*(k • h) = i*(h), Vk e K q . Otherwise 
stated, condition K p C Kf implies that the orbit Z coincides with the bundle of 
little- group orbits Y. 

The converse now is not in general true, that is the condition 

Z = Y 

does not in general implies the existence of an element (/, p) e such that K p C 
Kf. Let us explain why. If Z = Y then condition (5.1) is valid, so given (h, q) e 
and KeK q , we have k • h — h = q v(k), where v: K q — > V is such that its 
equivalence class [v]: K q —> V/kerr* belongs to Z 1 (K q ,V/kerT*). This is evident 
by direct calculation using the fact that kerr* is if 9 -invariant, which induces a 
representation K q — > GL(V/kerr*). If now there exists an element (h, q) e 
such that H 1 (K (? , V/kerr*) = 0, then we can find an element (f,p) of the same 
orbit with the property K p C Kf. In fact, in this case we have always q v(k) = 
q (k-vq — vq) for a fixed element vq e V. Choosing thus p = q and / = h — q vq, 
we have the desired result. 

6. Pukanszky's condition and the semidirect product 

Let us first state some definitions and results [3] about polarizations and 
Pukanszky's condition that will be used in the sequel. 

Let G be a Lie group, g its Lie algebra and v an element of q* . Given a 
subspace a C g which contains the Lie algebra g^, of the isotropy subgroup G^ 
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with respect to the coadjoint action, we define the symplectic orthogonal a by 

a x = {Xeg \v([X,Y]) = 0, \/Y eo}. (6.1) 

If we note by g c the complexification of g and by g c b \i i— > p. e g c the complex 
conjugation, we may extend this notion immediately for subspaces of g c which 
contain g°. 

We say now that the complex Lie subalgebra [) of g c is a polarization with 
respect to y e g* if f) contains is invariant under the adjoint action of G^,, f) 1 - = f) 
and f) + i) is a Lie subalgebra of g c . Each algebraic polarization f) corresponds 
to a G-invariant geometric polarization 5F, the correspondence being given by 
f) • v = 3% C (T W &G) C . The condition on the symplectic orthogonal f) 1 - can be 
restated as follows: 

(1^ = 1)) ^ (dim c I)= -(dimg + dim^) and v([ f),f)]) = 0). (6.2) 

To each polarization () we can associate two real Lie subalgebras b C e of g 
defined by 

b = f) n g and e = ( f) + f) ) n 0. (6.3) 

We denote also by Do C i?o the connected Lie subgroups of G whose Lie algebras 
are b and c respectively. The conditions on the polarization f) ensure that the 
subsets D = D ■ G w C E = E ■ G-v are subgroups of G. 

6.1 Lemma, [7]. (1) b 1 - = e; (2) the groups D and Dq are closed Lie 
subgroups of G with the same Lie algebra b; (3) i^-v is invariant under the coadjoint 
action of D; (4) e° and y + e° are invariant under the coadjoint action of the 
subgroup D; (5) if E is a Lie subgroup of G, then its Lie algebra is e. 

Pukanszky's condition now, is a supplementary condition on the polarization 
f). The following lemma gives three equivalent variants of this condition. 

6.2 Lemma (Pukanszky's condition), [3]. The following conditions are 
equivalent: (1) y + t° C \ (2) D ■ y = y + e° (3) D ■ y is closed in g* . 

Consider now the case where the Lie group G is a semidirect product, G = 
K x p V (notation of section 2). Then, its Lie algebra is g = ft (B p V and the 
corresponding complexified Lie algebra g c = ft c @ p V c . We are interested in 
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polarizations of $j c (with respect to -veg*) which are of the form t) = a(B p V c , 
o C fe c . Although this type of polarization seems to be very special, it leads to 
quite interesting results as we shall see in the sequel. 

We examine first the restrictions imposed to the subspace a by the fact that 
f) is a polarization. We find successively: 

(1) f) is a subalgebra of q c . Then, [f),f)] C f) which implies [a, a] © p [a, V c ] C 
a (Bp V c . Thus, a must be a Lie subalgebra of h c . 

(2) I) 1 - = I). Equivalently, we have the relation (6.2). By direct calculation of 
the dimensions appearing in (6.2), we obtain: dim c [) = dim c a + dim]/ and 
dimg + dimg^ = 2diml/ + dimk p + dim(k p )0. Thus, 

dim c a = ^ (dimfe p + dim OM^) . (6.4) 

We have one more restriction coming from the condition v([ f), f)] ) =0. Indeed, 
using relations (4.2) and (4.3), this condition gives: A • p = and A ■ f + 
p a e a , VA e a, a e V c . But if this is the case, we have a C and since 
p a e (imr*) c = (k°)° (Lemma 2.1), for each a e V c , we obtain necessarily 
A • f e a°, VA e a, or, /([ a, a]) = 0. Taking into account relation (6.4) as well 
as the facts a C and /([ a, a]) = 0, we conclude that (the symplectic 

orthogonal being taken with respect to <j> = i* p f). 

(3) f) is invariant under the adjoint action of G^. By equation (2.4) it is imme- 
diate that a must be invariant under the adjoint action of (Kp)^. 

(4) f) + f) is a Lie subalgebra of g c . Equivalently, it suffices to demand [J),fj] C 
f) + rj, because f) is a Lie subalgebra of C . But the last bracket is equal to 
[ a, a] © [ o + a, V c ]; thus we require only [ a, o] C a + o, because the last two 
terms belong already in V c . 

Conversely, suppose that a is a polarization of (with respect to <j> = i*f). In 
that case, it is easy to reverse the previous reasonings and deduce that f) = a © p V c 
is a polarization (with respect to v) for the Lie algebra g c (see also [ll]). 

6.3 Proposition. Let G = K x p V be a semidirect product, v = (f,p) e 
g* = fc* © p V* an element of the dual of its Lie algebra and q^, the isotropy 
subalgebra of y with respect to the coadjoint action. Then, a subspace f) = 
a © p V c C C is a polarization for the Lie algebra g c with respect to y if and only 
if o is a polarization of with respect to <f> = i*f. 
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Next, we show that an analogous phenomenon occurs with respect to the 
validity of Pukanszky's condition. More precisely, the validity of Pukanszky's 
condition for polarizations of a semidirect product G = K x p V described in 
Proposition 6.3, reduces to validity of the same condition for polarizations of the 
isotropy Lie subalgebra h p . 

Suppose that the polarization () = a @ p V c of g c satisfies Pukanszky's con- 
dition. For the case of the semidirect product we are interested in, the (real) 
subalgebras b and e (see equation (6.3)) will be: b = f) n g = aDh ® p V = p ® p V 
and e = ( i) + i))C\Q = ( a+a)flk ® p V = q © p V. The connected Lie subgroup D 
whose Lie algebra is equal to b, is a semidirect product D = Pq x p V, where Pq 
is the closed, connected and simply connected subgroup of K p whose Lie algebra is 
p. The validity of Pukanszky's condition for the polarization \) implies the relation 
D ■ v = v + e° (see Lemma 6.2(2)). Consider then the element d = (\v) e D 
and let y = (/, p) as previously: d ■ y = (A • / + A • p v , A • p) . We know that the 
difference d • y — y must be contained in e°, so 

(X.f-f + X.p Qv )eq° (6.5) 

and 

(X-p-p) eV° = 0. (6.6) 

It follows that A ■ p = p =^> A e K p which is already satisfied because ft p Z> p = 
ofll Z> (hp),/, and Po is connected. Furthermore (A • / — / + p v) e q°; but 
p C q C hp ^> p° D q° D h° and we obtain p v e imr* = h° C q°. Thus, we must 
have (A • / — /) e q°, or (A • — 0) e i* p q° . 

As a result, the condition Dq • y = y + e° (Pukanszky's condition) implies 
Pq ■ (j) = (j) + i*q° which is exactly Pukanszky's condition for the polarization a of 
hp because i*q° is the annihilator of q in h p . Finally, the previous analysis shows 
easily that the converse is also true, that is if the polarization a of h° satisfies 
Pukanszky's condition, then the same is true for the polarization f) = a ® p V c of 
g c . We have thus proved: 

6.4 Theorem. Let f) = a © p V c be a polarization of the complexified Lie 
algebra g c of a semidirect product G = K x p V with respect to an element 
y = ifiP) e 0*> equivalently a is a polarization of hp with respect to (j) = i*f. 
Then, t) satisfies Pukanszky's condition if and only if a satisfies it as well. 
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6.5 Scholium. The Lie algebra g of a semidirect product is a special case of 
extension of a Lie algebra by an abelian Lie algebra V . The complex Lie subal- 
gebra f) studied in this section is also of this special type. But one can reconsider 
Proposition 6.3 and Theorem 6.4 in the following way. Let g c = fc c ® p V c and 
f) C g c be a Lie subalgebra. If a is the image of the homomorphism g c — > fc c 
restricted to I), then a is a Lie subalgebra of\ c , see (2.2). In other words, f) is an 
extension of a by a vector subspace ofV c , the kernel of f) — > a. Considering now 
Lie subalgebras f) which are extensions of Lie subalgebras ofk c by V c , 

— >V C — ► fj — >a — ► 0, (6.7) 

one easily verifies that Proposition 6.3 and Theorem 6.4 remain still valid if we 
replace simply f) = a ® p V c by the exact sequence (6.7). Finally, we note that 
the corresponding geometric polarization belongs to the category of polarizations 
studied in [ll] . 

As an illustration, we then construct explicitly, for an arbitrary semidirect 
product, a polarization "trivial" in some sense, which satisfies Pukanszky's con- 
dition (making of course appropriate choices). Thanks to Proposition 6.3 and 
Theorem 6.4, it is sufficient to construct a polarization o of fc p satisfying the same 
condition. 

Suppose that [/] e H 1 (ft p , R) and let a = a = fc°. Clearly, a is a real subalgebra 
of invariant under the adjoint action of the isotropy subgroup (Kp)^ which in 
this case, is the union of connected components of K p . Furthermore, 2dim c a = 
2dimkp = dimfcp + dim(fe p )^, for (k p )^> = {A e l p | A ■ <f> = 0} = fc p and the Lie 
subalgebras p and q coincide: p = q = Finally, the element = i*f vanishes on 
all the brackets [A, B], for each A, B e because we have always [/] e H 1 (fe p , R). 
We deduce that a = ft p is a (real) polarization of fc p . 

Next, for each A e P = {K p )o we find: A • = 0, soA-^> = ^> + i*q° (here 
i*q° = = is the annihilator of fe p in fc*). 

6.6 Corollary. For each semidirect product G = K x p V , the coadjoint 
orbit of the element y = (f,p) e g* with [f] e H 1 (fe p , R), admits a real polarization 
satisfying Pukanszky's condition. 
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7. Symplectic induction 

We recall here the method of symplectic induction [5] which will be very im- 
portant to a deeper geometrical investigation of the coadjoint orbits of semidirect 
products. More on this method can be found in [3]. Notice that the induction of 
Hamiltonian actions appears independently in [16]. 

Let (M, <jj) be a symplectic manifold and H a closed Lie subgroup of a Lie 
group G. Suppose we have a (left) Hamiltonian action $: H x M — > M which 
admits an equivariant momentum map Jm- M — > f)*, where f) is the Lie algebra 
of H. The aim of the symplectic induction method is to construct a symplectic 
manifold, denoted as Mi n d, on which the group G acts in a Hamiltonian way with 
equivariant momentum map Ji n d'- ^ind S* 7 where g is the Lie algebra of G. 

In order to construct the Hamiltonian space [M in d, Ui n d, G, J{ n d), we proceed 
as follows. Using the natural isomorphism T*G = G x g* (obtained by identifying 
g* with the left-invariant 1-forms on G), we obtain a left action $ of H on M = 
M x T*G given by: 

& h (m, g, 11) = ($ h (m), gh~\ h-\L),VheH, (m, g,\i) e M x T*G. (7.1) 

This action is symplectic for the symplectic structure cD = tt\ujm + K^dOc on 
M if 7Ti: M — > M and 7r 2 : M — > T*G are the projections: $^cD = d>; $ is also 
proper because H is closed. Furthermore, it admits an equivariant momentum 
map Jj^: M — > f)* equal to = ti{Jm + ^2^h, where J// is the momentum map 
for the cotangent lift of the right action of H on G. If f) g is the inclusion 
and zj*: g* — > [)* the corresponding projection, then this momentum map is given 
by 

Jh(9, M-) = 

The element € {)* is a regular value for the momentum map and so the 
quotient = J~^(0)/H will be a symplectic manifold (Marsden-Weinstein 

reduction). We call M in d induced symplectic manifold and we denote it by Ind^M; 
^ind will denote the symplectic structure of M in d- 

In order to obtain a Hamiltonian action of G on Mi n d we let the group G act 
trivially on M; we consider also the canonical lift to T*G of the left multiplication 
on G. Then we have a Hamiltonian action of G on M with equivariant momentum 
map J: M — > g* given by 

J(rn,g, \i) = g ■ \i. (7.2) 
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This action commutes with the action of H on M and leaves invariant the mo- 
mentum map Jjfr, so a symplectic action of G is induced on Mi nd . Since the 
momentum map J is .^-invariant, it descends as an equi variant momentum map 
Jind' M ind — > g* for the action of G on M ind = Ind H M. 

7.1 Proposition, [3]. The induced symplectic manifold M ind = Ind^M 
is a fibre bundle over T*(G/H) with typical fibre the symplectic manifold M. 
Moreover, the restriction of u) ind to a fibre yields the original symplectic structure 
um on M. 

Let us note here that the symplectic induction procedure can be carried out 
without using the trivialization of T*G, see [8]. 

If we perform now the symplectic induction for M = point, then the induced 
symplectic manifold is isomorphic as a manifold to T*{G/H); we can extend the 
isomorphism to the symplectic category if we modify the natural symplectic struc- 
ture dOo/H of T*(G/H) by a "magnetic" term, that is by the pull-back of an 
appropriate closed 2-form (3q e Q 2 (G/H) : [3]. Thus, the symplectic induction over 
a point leads to the modified cotangent bundle (T*(G/H) 7 dOo/H + t*/3q), where 
r: T*(G/H) — > G/H is the cotangent projection. 

8. The structure of coadjoint orbits 

We will use now the results of [3] on the structure of the coadjoint orbits 
endowed with a polarization satisfying Pukanszky's condition in order to analyze 
further the structure of the semidirect product coadjoint orbits. 

Let us recall first the principal results of this article. If G is a Lie group, 
v e g* an element of the dual of its Lie algebra and f) a polarization with respect 
to v, we have two real Lie subalgebras b and e of q canonically associated to f) (see 
relations (6.3)). If we define F = [G x (y + e°))/£) (for the property of the group 
D see Lemma 6.1), then F is a vector subbundle oiT^{G/D) with symplectic form 
ujy obtained by restriction of the symplectic form of T$(G/D); further, there is a 
symplectic action of G on F admitting a momentum map Jp: F — > g* which may 
be calculated via (7.2). 

8.1 Proposition. The following four conditions on the polarization are 
equivalent: 
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(1 ) Pukanszky's condition. 

(2) The momentum map Jy: F — > g* is onto 

(3) The symplectic action of G on F is transitive. 

(4) Jy is a symplectomorphism between (F, ujy) and . 

8.2 Proposition. If E is a closed subgroup of G and if Pukanszky's condition 
is satisfied, then there exists a commutative diagram 



T*(G/D)- 



G G 



T*(G/E) 



7t, 



TE 



G/D 



G/D 



G/E 



with the following properties: 

(1) (z^,7r^) is the identification of the coadjoint orbit as a symplectic sub- 
bundle of T* (G/D) according to Proposition 8.1. 

(2) 7X.E- — > T* (G/E) is a fibre bundle whose fibres together with the restricted 
symplectic form, are symplectomorphic to the (pseudo-)Kahler space E/D. 

Consider now the case where the Lie group G is a semidirect product, G = 
K x p V and let () be a polarization of q* with respect to -v = (f,p) e 0*. We are 
always interested in polarizations of the form f) = a @ p V c satisfying Pukanszky's 
condition. By Proposition 6.3, a is a polarization of with respect to = 
i*f. Furthermore, Pukanszky's condition is equivalently satisfied by a. Applying 
Proposition 8.1, the following result is immediate: 

8.3 Corollary. A necessary and sufficient condition for the symplectic sub- 
bundle F = (G x (-v + c )) /D C T$(G/D) to be symplectomorphic to the coadjoint 
orbit is that the symplectic subbundle F p = (K p x ((p+i*q )) /P c T$(K P /P) 
be symplectomorphic to the little-group coadjoint orbit 0*f v . 

We determine now an equivalence class in the quotient F = (G x (-v + e°))/-D, 
given that e° = (q @ p V)° = q° C ft* x {0} and that D is described by the exact 
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sequence 

— >V -U D -U P — >e. (8.1) 

Let (g,y + w) e G x (-v + e°) and [(g,y + w)] be its equivalence class. We know 
that F is an affine bundle associated to the principal fibre bundle G — > G/D. So, 
it is sufficient to find the equivalence class [g]. But thanks to the exact sequence 
(8.1), we obtain [g] = g ■ D = [k] = k • P if g = (k, v) eG and we may write 
F = (K x (/ + q°))/P. Furthermore, there is a canonical inclusion K p /P K/P 
induced by the inclusion of the closed subgroup K p in we have so a projection 
T*(K/P) -> T£(K p /P), for x = [k], k e tf p . 

Let us examine in more detail this projection of cotangent spaces. If we denote 
T e L K (p) C T K K as p K (recall that p = an ft), then clearly T X (K/P) ^ T K K/p K and 
T*(K/P) = p° C ft*, the annihilator of p K . Similarly, T X (K P /P) ^ T K K p /p K and 
T*(K p /P) is isomorphic to the space of elements of T*K p which vanish on p K . If 
T K i p : T K K p <-h> T K K is the natural inclusion, we may write T*(K p /P) = (T K i p )*p° K . 
Now, the inclusion p C q implies q° C p°; but q° and (T K z p )*q° are the fibres of 
F = and F p = , respectively, over x (see also Corollary 8.3). Thus, the 
fibres of F p are obtained from those of F under the projections (T K i p )* . Therefore: 

8.4 Corollary. Validity of Pukanszky's condition for a polarization f) = 
a ® p V c at y e q* implies that the coadjoint orbit is symplectomorphic to the 
quotient F = [K x (/ + q°))/P and that the coadjoint orbit 0^ v is obtained by 
restricting F = to the closed subset K p /P C K/P and projecting its fibres by 
the natural projection between the corresponding cotangent bundles. 

Clearly, under the conditions of Proposition 8.2, the coadjoint orbit <ff^ p has 
properties analogous to those described in this proposition because, according to 
Theorem 6.4, Pukanszky's condition on () is equivalent to the same condition on 
the polarization a. 

9. Connections and symplectic induction by semidirect products 

We consider in this section the problem of the arbitrary choice of the con- 
nection in the symplectic induction process, pointed out in [3]. This connection 
plays the role of a Yang-Mills potential in the more general geometrical interaction 
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scheme due to Guillemin-Sternberg [4] [14] and Weinstein [15]. The symplectic in- 
duction is a special case of this model and the arbitrariness or not of the connection 
has been related to the localization of relativistic particles in references [2] and [3] . 

We restrict our attention to the case where we have a principal fibre bundle 
7t: G — > G/D, formed by a semidirect product G = K x p V and a closed subgroup 
D belonging to the set of extensions of the Lie subgroup P C K by the vector 
group V. In this case, the base space G/D is equal to K/P; we denote this 
quotient by S. The following commutative diagram illustrates this situation. 

y V D *■ P *■ e 



- V 



G 



n 



K 



e 



7r r 



G/D 



K/P = E 



Let then y e Q 1 (G) <E> b be a connection on 7t: G — > G/D, where b, the Lie 
algebra of D, is an extension of the Lie algebra p by V. Set now g = (k, v) e G, 
h = (A, it) g D and £ = (5, b) e b. Then, if Rh{g) = gh is the right action of D on G, 
by the defining properties of a connection form we must have R* h y = Ad(/i -1 ) ° y 

and Yo(C(^)) = £5 where £ is the fundamental vector field of the Lie algebra 
element £ for the right action on G: £(g) = (-B(k), k • b). Using the fact that the 
p-components of TRh and Ad(/i -1 ) are TR\ and Ad (A -1 ) respectively, we obtain 
immediately that the p-component a = (i* <S> T e ni) ° y of the pull-back of y under 
the inclusion i: K <^-> G, is a connection 1-form on X — > K/P. 

Conversely, suppose that we have a connection a e £g> p on K — > K/P, 

then, for each k e X, we have a horizontal subspace i? K C T K K setting if K = ker a K ; 
iJ K is isomorphic to T q E under the projection 7r p : K — * Z 1 , g = 7T p (k) = [k]. If now 
g = (k, u) e G, one can define a subspace H g C T S G = T K K © V, complementary 
to the vertical subspace at g and isomorphic also to T q E, q = n(g) = [g] = [k]. In 
fact, if X e H K , let us define X e H g by 

X= (X,T e p(T K i2 K -i(X))u). (9.1) 



24 



P. BAGUIS 



We set for simplicity T e p(T K R~ 1 (X))v = R K -iX ■ v. In order to prove that H 
defines a connection on n: G — > U, it is sufficient to check if H is invariant under 
the right action of D on G. Taking h = (A, it) e -D, we find: TRh(X) = (X,w), 
where X = TR\(X) and to = T K p(X)u + R K -iX ■ v. But easy calculation shows 
that w = Rr K ^\-iX • (k • u + v); consequently, TRh(X) e H g h, which proves that 
H is indeed a connection. 

In order to calculate now the corresponding connection form y, we use the 
decomposition (Z,w) = (X + B(k), R k -iX - v+ k-6) of an arbitrary tangent vector 
at (k,v) into horizontal and vertical parts, (B,b)eb, Xekercx K . Then y must 
satisfy y(Z, w) = (B, b) and if we decompose y as y = (y l5 A), then y 1 = n\oc and 
A e Q 1 (G) ® V is given by: 

A (KiV) {Z, w) = k" 1 • (w - R K -iX ■ v). (9.2) 

We have thus proved: 

9.1 Proposition. If y e0 1 (G) <E> b is a connection form on the principal 
bundle G — > G/D, then <x = (i* <E> T e 7ti) ° y, tie p-component of the pull-back of 
y under the inclusion i: K > G, is a connection form on 7t: if — > Z 1 . Furthermore, 
a connection a € 1 (K) ® p determines a preferred connection y € Q 1 (G) ® b. In- 
deed, y is equal to (7t*a, A), where A is given by equation (9.2) and the horizontal 
spaces defined by y are given by equation (9.1). 

9.2 Remark. Suppose that G and D are such that we can apply symplectic 
induction from a point v e b*. TTien we know [3] t/iat y = v y «s a 1-form 
invariant on the fibres of n and therefore, there exists a 2-form (3q efl 2 (U) such 
that ti*(3q = dy . This 2-form gives the modification term of the canonical sym- 
plectic structure of the cotangent bundle T*(G/D) — T*U. Now if there exists 
a canonical connection aen 1 (if) <S> p, then we may choose y in a natural way 
according to Proposition 9.1 and so (3q is also canonical. 

We examine now a special case where the choice of the connection y is guided 
by supplementary geometrical structures (so we have a canonical connection). 
The following proposition explains then a result of [2] concerning the localization 
procedure of relativistic particles with non-zero mass. This is precisely the case of 
massive Poincare coadjoint orbits (the hyperboloid m = const. > is a symmetric 
space unlike the massless case where the light cone is not). 
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9.3 Proposition. Let G = K x p V be a semidirect product, g = ft ® p V 
its Lie algebra and y = (f,p) e$j*. Suppose there exists a polarization a of the 
complexified Lie algebra ft° satisfying Pukanszky's condition and K p /P and Z = 
K/K p are symmetric spaces, where P is the closed subgroup of K p determined by 
a (Lemma 6.1). Then the coadjoint orbit is symplectomorphic to a symplectic 
subbundle of a modified cotangent bundle (Proposition 8.1) whose symplectic 
structure is canonical. 

Proof. The only thing we have to prove is that the modified symplectic 
structure of the cotangent bundle T^{G/D) is canonical or, equivalently, that the 
connection form a is canonical. Since K p /P and Z = K/K p are symmetric spaces, 
there exist involutive automorphisms I p : K p — > K p and I: K — > K defining the 
canonical symmetric space decompositions ft p = p © m and ft = ft p © n, where m 
and n are the subspaces of ft p and ft respectively corresponding to the eigenvalue 
-1 of TJ p and TJ. 

Using the known property Ad(P)m C m and Ad(K p )n C n of these subspaces, 
we obtain a canonical decomposition ft = ft p © n = p © (m © n) with the same 
property: Ad(P)(m © n) C m © n. By the invariant connection theory [6], there 
exists on the principal fibre bundle n p : K — > U a canonical K-invariant connection 
because we have a subspace m © n C I invariant under the adjoint action of P 
and such that = p © (m © n). Then, Proposition 9.1 and Remark 9.2 finish the 
proof. ■ 

Consider finally the special case K p C Kf (=>• Y = Z). Then, Propositions 
8.1 and 9.1 can be used in order to consider the result of Proposition 5.1 from 
another point of view. Indeed, in that case we have [fc, k p ] C ker/, in particular, 
[/] e H 1 (fe p , R). We can thus apply Corollary 6.6 and conclude that f) = © p V c 
is a real polarization of 0°, satisfying Pukanszky's condition. Now, P = K p 
and £ = Z. But for the case of real polarizations, the content of Proposition 
8.1 is essentially that the coadjoint orbit in question is isomorphic to a modified 
cotangent bundle (T*S,d9x; + t*(3q) (see Remark 3.10 of [3]). Now, according 
to Proposition 9.1 and Remark 9.2, the choice of a connection ae0 1 (i^) © ft p 
on K — > K/P determines this 2-form completely. The connection a in turn, is 
determined if we fix a subspace n C ft such that fc p © n = ft and Ad(K p )n = 
n. Then, a is the ftp-component of the Maurer-Cartan form on K. It must be 
emphasized here that, the 2-form aoeQ 2 (Z) appearing in Proposition 5.1 and 
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giving the modification term of the symplectic structure of T*Z, depends on the 
point (f,p) of the coadjoint orbit for which K p C Kf. On the other hand, we 
have just seen that the 2-form f3 e Q 2 (£) depends on the choice of a connection 
on the principal bundle G G/D. Thus, the differential forms «o and (3q are 
not canonical and in general «o 7^ A)- But in any case, Proposition 8.1 tells us 
that the symplectic structures uz + t*«o an d oj^ + t*[3q are equivalent, that is, 
there exists a bijection T*Z — > T*£ which is a symplectomorphism with respect 
to these structures. 



We have seen previously (Proposition 8.1) that the validity of Pukanszky's 
condition for a polarization of the coadjoint orbit G^j is equivalent to the fact that 
this orbit is symplectomorphic to a subbundle of a modified cotangent bundle, 
obtained by symplectic induction from a point. In this section we will discuss a 
more general property of the coadjoint orbits of a semidirect product. See [8] for 
an equivalent approach. 

We state now the principal result of this section. 

10.1 Theorem. The coadjoint orbit through y = (f,p) eg* of a semidi- 
rect product G = K x p V, is always obtained by symplectic induction from 
the coadjoint orbit of G p passing through y p = (i*f,p) eg*, with groups 

G = K x p V and G p = K p x p V: 



Note that = G p ■ y p is canonically isomorphic to 6 p = K p ■ <f>. 

Proof. Using the notation of the section on symplectic induction, let us choose 
the symplectic manifold M as M = G p -y p and the groups G and H as G = K x p V 
and H = K p x p V = G p . We will then apply symplectic induction from M with 
the above mentioned groups. 

In our case, one can consider the symplectic manifold M as the coadjoint orbit 
of K p passing through 0, because (k,v) • (<f>,p) = (k • + i*(p v),p) = (k • (f),p), 
V(k,?;) €G p , since i*(p v) = (see Lemma 2.1). The action of G p on M 
is Hamiltonian with momentum mapping Jm- M — > g* given by Jm(w) = m, 
m = (k • 4>iP)- 



10. Symplectic induction and semidirect product 




Indg p (<7). 
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Using the conventions of section 7, one readily verifies that the zero level set 
of the momentum map J^: M = M x T*G — > f) = g p is given by 

Jt!(0) = { ((<p, p), g, (z, w))eM xT*G\ip = i* p z, w=p,geG}, 

and knowing that <p = k • = k • i*f = i*(< ■ /) for some k € K p , we have the 
following characterization for J"^. (0): 

J ^(°) = {((<^,P) 1 5.(<7+P0f,P)) |K6K p , 9 6G,?J6y} 

Then, direct calculation shows that the point ((k-0, p), (7, (n-f+p u, p)) of J^(0) 
can be represented in the quotient J~^(0)/G p by the point (k • (k • / + p v) + 
q v, 5) if g = (k, v), where q represents g in G/G p = Z: q = k-p. We realize thus 
easily that the points of the induced manifold M in d = Ind^ (G p -m p ) = J^(0)/G p 
will be of the form (A • / + A • p u,\ ■ p), A e K , u eV, so M inc i and G^j are 
isomorphic as manifolds. 

In order to establish a symplectomorphism between M inc i and we proceed 
as follows. The left action of G on M, obtained by taking the cotangent lift of the 
left action of G on itself and letting G act trivially on M, projects on M in d = ^ 
as the coadjoint action of G, as one verifies by easy calculation. We choose now an 
element g = (k ,v ) e G and let n = (((/), p), (<o,v ), (f,p)) e J^(0). The image 
of no in Mi n d is equal to (ko ■ / + ko • p vq, ko • p) = (h,q). Furthermore, the 
projection of a vector at no induced by the action of G on M, will coincide with the 
corresponding vector at (h, q) e Mi n d induced by the coadjoint action of G on Mi n d- 
So, consider an element £ = (A, a) e g; then £xf(no) = ((0> 0)> ^e-Rg (0> (0' 0)) an d 
[£m(™o)] = £ * (h, q). Similarly, if 77 = (S, b) e g, then: 

(^nd) (M) (£ r ,%*) = -(/,p)([TL ff -i o TR go (A, a), TI s -i o Tfl ff0 (B,6)]) 
= -(M)([(A,a),(B,5)]) 

This shows that u)i n d coincides with the standard symplectic structure of the coad- 
joint orbit 6®. ■ 

We observe here the following analogy with the construction of Rawnsley [ll], 
described in section 3. According to Lemma 3.2, we have the fibration O^j — > Y — > 
Z, where the typical fibres are respectively p V and ■ But now Theorems 
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7.1 and 10.1 ensure that we have indeed a (non canonical) fibration 0^ t*Z, 
with typical fibre 0^ p . 

10.2 Remark. It is evident that if Z is a contractible space, then the coad- 
joint orbit 0^ is globally diffeomorphic to the product T*Z x 0, p . In particular, 
when K p is a group- deformation retract of K , that is when there exists a ho- 
motopy H: [0, 1] x K — > K with the properties H(0, k) = i p (r(K)), H(l, k) = k 
and H t (K\) = H t (yC)H t (X), H t (K) = H(t, k), then Z is contractible; a homotopy 
H: [0, 1] x Z — > Z between the constant map and the identity on Z, is given by by 

&(!,[<]) = mt, <)]■ 

As an immediate application of Theorem 10.1, we discuss in the light of 
symplectic induction the result of Proposition 5.1. If K p C Kf, then 0^ p = {cp} 
and the coadjoint orbit of y is hence obtained by symplectic induction from a point. 
Thus, according to Proposition 2.11 of [3], 0^ must be isomorphic to a modified 
cotangent bundle T$(G/G P ) = T^Z, where the modification term is determined by 
a connection on the principal bundle G — > G/G p , in accordance with Proposition 
5.1. The choice of this connection has been discussed in section 9. 



11. Examples 

We consider here three representative examples of semidirect product and we 
apply the general formalism developed in the previous sections. The semidirect 
product Lie groups we analyze below, are important for the non-relativistic particle 
dynamics. 

• The special Euclidean group of R 3 . Let K = 50(3) be the Lie group of 
rotations in V = R 3 preserving the standard scalar product (— , — ): R 3 x R 3 — > 
R. The familiar representation of the elements of SO (3) as 3 x 3 matrices, enables 
us to form the semidirect product G = SE(3) = 50(3) x R 3 , the Euclidean group 
in R 3 . 

The Lie algebra se(3) as well as its dual se(3)* are canonically isomorphic 
to R 3 © R 3 . Easy calculation shows that if p e V * = R 3 , then the linear map 
t*: V = R 3 — > ft* = R 3 is given by r* (v) = p x v (the usual cross product of the 
vector space R 3 ). 

Now let ~v = (f,p) ese(3)* be an element such that / = su, p = ku and 
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(u,u) = 1 (s,k > 0). Then K p = K f = (K p )^ 2* SO(2), the orbits Z and Q are 
2-spheres S 2 and = {</>}. We can furthermore apply Propositions 4.4 and 5.1 
which show that the coadjoint orbit of v coincides as a manifold to T*S , but its 
symplectic structure is modified by a "spin term" which, in this case, is s-times 
the canonical symplectic structure of S 2 (its volume element). 

Taking into account the discussion after Proposition 9.3, we can reconsider 
this result in the context of algebraic polarizations: since [/]eH 1 (h p ,R) (fc p = 
so (2) is an abelian Lie algebra), Corollary 6.6 can be applied; therefore, the sub- 
space a = 5o(2) c is a real polarization of = so(2) c satisfying Pukanszky's 
condition, so 

f)=so(2) c ©(R 3 ) c 

is a real polarization of g c (with respect to y) satisfying also the same condition 
(see also Proposition 6.3 and Theorem 6.4). Then, Proposition 8.1 gives the same 
result on the structure of . Alternatively, one could use Theorem 10.1 (see 
discussion after Remark 10.2). 

For this polarization, the groups D and E coincide with G p = 50(2) x R 3 . 
Furthermore, there exists a canonical connection on the principal bundle G — > G p 
because the spaces K p /P = point and K/K p = S 2 are symmetric spaces (see 
Proposition 9.3). 

• The Galilei group of R 3 © R. Take now as group K the Lie group SE(3) 
of the previous example, K = SO (3) x R 3 and the vector space V as R 3 © R 
(Galilean space-time). We have a representation p: K — > GL(V) given by 

p(R,b)= ^ 

and consequently one can consider the semidirect product G = K x V. We rec- 
ognize G as the Galilei group in dimension 3+1, see [13]. 

Using the isomorphism q = g* = (R 3 © R 3 ) © (R 3 © R), we may rep- 
resent the elements /eft* and peV* as / = (l,g), l,ge~R 3 and p = (p,E), 
peR 3 ,i?eR. Under these identifications, if we set k = (R, b) e SE(S) and 

X = 6 R x R, one readily finds: 



p0i=(pxr, pt) and k ■ p = (Rp, E — {Rp, b)). 



(11.1) 
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(i) Let us choose -v = eg* as / = (sit, 0), p = (ku,E) : s,k > 0, 
(it, it) = 1. This choice corresponds to the standard non-relativistic particle of 
mass zero with spin s and color k, see [13]. 

By formula (11.1) one easily finds K v = SO (2) x R 2 , R 2 being the subspace 
perpendicular to u and SO (2) the rotation group of this subspace. In this case, 
only the so(2)*-component of = i*f e fc* is non-zero and consequently, <ff^ p is a 
coadjoint orbit of SO (2); so <ff^ p = {cp} because 50(2) is abelian. Furthermore, 
the homogeneous space Z = K/K p is simply the product S 2 x R. Thus, according 
to Theorem 10.1 (see also discussion after Remark 10.2), the coadjoint orbit of y 
is symplectomorphic to a modified cotangent bundle T^(K/ K p ) = T^S 2 x R 2 . 

One can obtain the same result using the technique of polarizations. Indeed, 
with the previous choices, we have [/] eH 1 (fe p ,R) (because 50(2) is abelian) and 
so Corollary 6.6 can be applied. The real polarization \) provided by this corollary 
is 

f) = (so(2) c © (R 2 ) c ) © (R 3 © R) c 
and the groups D and E 

D = E = (50(2) x R 2 ) x (R 3 x R). 

Then, according to Proposition 8.2, the coadjoint orbit is symplectomorphic 
to a modified cotangent bundle T*(K/K P ) = T«S 2 x R 2 . 

(ii) We choose now an element y = (f,p) e g* setting p = (p, 0), (p,p) = 1 
and / = (0, gr) with (g,p) = and (g,g) = 1. The coadjoint orbit of y has a 
less evident interpretation; according to [4] , it corresponds to "particles at infinity 
with infinite velocity and mass zero" . 

Now, by equation (11.1) we find K p = 50(2) x R 2 , where R 2 is the 2- 
dimensional subspace of R 3 perpendicular to the line Rp and 50(2) the special 
orthogonal group of this subspace. On the other hand, the projection <p = i*f is 
equal to / and we readily obtain (Kp)^ = {e} x Rg. Furthermore, kerr* = Rp, 
as one can see from (11.1). Thus, the isotropy subgroup G^, is 2-dimensional 
and the orbit 6^ will be 8-dimensional. Indeed, as in the previous example, the 
orbit Z = K/Kp is the product S 2 x R and by Theorem 10.1, the coadjoint 
orbit of y can be identified (in a non canonical way) with a fibre bundle over 
T*Z = T*S 2 x R 2 whose typical fibre is = K P /(K P )^ T^S 1 = S 1 x R. 
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However, we can further investigate the structure of this orbit as follows. 
Observe first that the subspace a = (0 © R 2 ) c C is a real polarization with 
respect to 0. In fact, (& P )S C a, o is invariant under the adjoint action of (Kp)^ 
(see relation (2.4)), dim c a = |(dimk p + dim(fe p )^) and [a, a] = 0. In this case 
b = e = © R 2 and D = E = {e} x R 2 . As a result, D • <p = (R, g) = + e°, 
which means that a satisfies Pukanszky's condition. By Theorem 6.4, the subspace 

f, = a © V c = (0 © R 2 ) c © (R 3 © R) c C s c 

is a real polarization of g c (with respect to v) satisfying also Pukanszky's condi- 
tion. Then Proposition 8.2, applied for a real polarization, tells us that the coad- 
joint orbit @® is symplectomorphic to a modified cotangent bundle T$(G/D) = 
T»(S0(3) x R). In particular, tfj = SO (3) x R 5 as a manifold. 

• The Bargmann group of R 3 © R. Consider again the special euclidean 
group SE(3) of R 3 and let p: SE(3) — > GL(R 5 ) be the representation given by 

/ R b 0\ 

p{R,b)= 1 

\-b*R -b 2 /2 1/ 

The semidirect product G = SE(3) x p R 5 is called Bargmann group and it is a 
non-trivial extension of the Galilei group, previously studied, by R, see [l]. If we 
write an element p e R 5 as p = (p, E, m) and k = (R, b) e K = SE(3), we find 
easily 

b 2 

K-p= (Rp + mb,E- (Rp,b) -m — ,m). (11.2) 

Let us consider the coadjoint orbit of the element y = (/, p) e g* with / = (su, 0) 
and p = (0, 0, to), m > 0, s and u as above. Easy calculation using (11.2) shows 
that K p = 50(3) x {0} and consequently the projection i*: fc* — > I* is simply 
the projection on to the first factor, i*f = <j> = su. Now the orbit Z = K/K p is 
simply Z = R 3 and = S 2 , thus by Remark 10.2 the coadjoint orbit of y 
is diffeomorphic to the product T*R 3 x S 2 . We recognize here the phase space of 
non-relativistic particles of mass to and spin s, [13]. 

One could also investigate the structure of G^j using the technique of algebraic 
polarizations. To this end, one proceeds as follows. Consider the subspaces 

aj = {A e hp | A x u = ±iA} 
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of = so(3) c , where A i-> A is the natural isomorphism so(3) c = (R 3 ) c . These 
subspaces have complex dimension one and are such that Oq" © % © 0*p)^ = kp- 
Furthermore, it is elementary to verify that [o,q, Oq"] C OM^j and [a^, (k p )^] C a J 
(similarly for Oq ). Thus, if we set 

we obtain two (isomorphic) complex subalgebras of such that complex conju- 
gation on the one yields the other. This means that are (isomorphic) complex 
polarizations of k° with respect to <j) = su. The real Lie subalgebras b and e of k p 
are easily found to be b = 0M^> = so (2) and c = fc p = so(3). It is then evident that 
D ■ <j> = <j> and so a 1 * 1 satisfy Pukanszky's condition because e° = 0. As a result, 
the subalgebras 

fj± = a ± © p (R 5 ) c 

of g c are complex polarizations satisfying Pukanszky's condition. Therefore, by 
Proposition 8.2 we conclude that the coadjoint orbit G^j is a fibre bundle over 
T*{G/E) = T*R 3 with typical fibre E/D = S 2 . 
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